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Fundamentals of submersions and immersions
between infinite-dimensional manifolds
Helge Glo¨ckner
Abstract
We define submersions f : M → N between manifolds modelled on
locally convex spaces. If N is finite-dimensional or a Banach mani-
fold, then these coincide with the na¨ıve notion of a submersion. We
study pre-images of submanifolds under submersions and pre-images
under mappings whose differentials have dense image. An infinite-
dimensional version of the constant rank theorem is provided. We
also construct manifold structures on homogeneous spaces G/H of
infinite-dimensional Lie groups. Some fundamentals of immersions
between infinite-dimensional manifolds are developed as well.
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Introduction and statement of the results
In this article, we define and study submersions and immersions between
manifolds modelled on arbitrary locally convex spaces, with a view towards
applications in the theory of infinite-dimensional Lie groupoids (cf. [24]) and
infinite-dimensional Lie groups.
Recall that a vector subspace F of a (real or complex) topological vector space
E is called complemented as a topological vector space (or complemented, in
short) if there exists a vector subspace C ⊆ E such that the addition map
F × C → E, (x, y) 7→ x+ y
is an isomorphism of topological vector spaces if we endow F and C with
the topology induced by E and F ×C with the product topology. Then F is
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closed in E, in particular, and C ∼= E/F as a topological vector space. We
say that a vector subspace F of E is co-Banach if F is complemented in E
and E/F is a Banach space.
Let K ∈ {R,C}. If K = R, let r ∈ N ∪ {∞} (in which case Cr
R
stands for
Cr-maps over the real ground field as in [2], [10] or [15]) or r = ω (in which
case Cω
R
stands for real analytic maps, as in [10] or [15]). If K = C, let r = ω
and write Cω
C
for complex analytic maps (as in [3], [10] or [15]). In either
case, let f : M → N be a Cr
K
-map between Cr
K
-manifolds modelled on locally
convex topological K-vector spaces. Let E be the modelling space of M and
F be the modelling space of N .
Definition. We say that f is a Cr
K
-submersion if, for each x ∈ M , there
exists a chart φ : Uφ → Vφ ⊆ E of M with x ∈ Uφ and a chart ψ : Uψ → Vψ ⊆
F of N with f(x) ∈ Uψ such that f(Uφ) ⊆ Uψ and
ψ ◦ f ◦ φ−1 = π|Vφ
for a continuous linear map π : E → F which has a continuous linear right
inverse σ : F → E (i.e., π ◦ σ = idF ).
Thus, identifying E = ker(π)⊕ σ(F ) with ker(π)× F , π corresponds to the
projection onto the second factor (and f locally looks like this projection).
The following condition may be easier to check.
Definition. We say that f is a na¨ıve submersion if, for each x ∈ M , the
continuous linear map Txf : TxM → Tf(x)N has a continuous linear right
inverse.
Remarks.
(a) If N is a Banach manifold, then f : M → N is a na¨ıve submersion if
and only if Txf is surjective for each x ∈M and ker(Txf) is co-Banach
in TxM (by the Open Mapping Theorem).
(b) If N is a finite-dimensional manifold, then f : M → N is a na¨ıve sub-
mersion if and only if Txf is surjective for each x ∈M (as closed vector
subspaces of finite codimension are always complemented and hence
co-Banach).
(c) Every Cr
K
-submersion is a na¨ıve submersion because Txf corresponds to
π if we identify TxM with Tφ(x)E ∼= E and Tf(x)N with Tψ(f(x))F ∼= F .
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Theorem A Let f : M → N be a Cr
K
-map between Cr
K
-manifolds modelled
on locally convex topological K-vector spaces. If N is a Banach manifold and
r ≥ 2 or N is finite-dimensional, then f is a Cr
K
-submersion if and only if f
is a na¨ıve submersion.
Every Cr
K
-submersion f : M → N is an open map and admits local Cr
K
-
sections around each point in its image (Lemma 1.7). Hence, if f : M → N
is a surjective Cr
K
-submersion and g : N → Y a map to a Cr
K
-manifold Y
modelled on a locally convex topological K-vector space, then g is Cr
K
if and
only if g ◦ f : M → Y is Cr
K
(Lemma 1.8). In particular, the Cr
K
-manifold
structure on N making the surjective map f a Cr
K
-submersion is essentially
unique (see Lemma 1.9 for details).
Let M be a Cr
K
-manifold modelled on a locally convex topological K-vector
space E and F ⊆ E be a closed vector subspace. Recall that a subset
N ⊆ M is called a Cr
K
-submanifold of M modelled on F if, for each x ∈ N ,
there exists a chart φ : Uφ → Vφ ⊆ E of M with x ∈ Uφ such that
φ(Uφ ∩N) = Vφ ∩ F.
Then N is a Cr
K
-manifold modelled on F , with the maximal Cr
K
-atlas con-
taining the maps φ|Uφ∩N : Uφ ∩ N → Vφ ∩ N for all φ as just described. If
E/F has finite dimension k, then we say that N has finite codimension in M
and call k its codimension. If F is complemented in E as a topological vec-
tor space, then N is called a split Cr
K
-submanifold of M . If N ⊆ M is a
subset all of whose connected components C are open in N and each C is
a Cr
K
-submanifold of M modelled on some closed vector subspace FC ⊆ E,
then N is called a not necessarily pure submanifold of M (see Section 1 for
details).
Cr
K
-submersions, defined as above, go along well with fibre products also in
the case of manifolds modelled on locally convex spaces (as announced in
the author’s review [12] of [27]; in the meantime, a proof was also given in
unpublished lecture notes, [28, Proposition C.8]).
Theorem B. Let M1, M2 and N be C
r
K
-manifolds modelled on locally con-
vex topological K-vector spaces and f : M1 → N as well as g : M2 → N be
Cr
K
-maps. If f (resp., g) is a Cr
K
-submersion, then the fibre product
S := M1 ×f,g M2 := {(x, y) ∈M1 ×M2 : f(x) = g(y)}
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is a (not necessarily pure) split Cr
K
-submanifold of M1 ×M2, and the projec-
tion pr2 : M1×M2 → M2 restricts to a C
r
K
-submersion pr2 |S : S → N (resp.,
pr1 : M1 ×M2 →M1 restricts to a C
r
K
-submersion pr1 |S : S → M1).
Submanifolds can be pulled back along submersions.
Theorem C. Let f : M → N be a Cr
K
-submersion between Cr
K
-manifolds
modelled on locally convex topological K-vector spaces. Then f−1(S) is a
(not necessarily pure) Cr
K
-submanifold of M for each Cr
K
-submanifold S of N ,
and f restricts to a Cr
K
-submersion f−1(S) → S. Moreover, Tx(f
−1(S)) =
(Txf)
−1(Tf(x)S) for each x ∈ f
−1(S). If S has finite codimension k in M ,
then also f−1(S) has codimension k in M . If S is a split Cr
K
-submanifold
in N , then f−1(S) is a split Cr
K
-submanifold in M .
Taking S as a singleton, we obtain a Regular Value Theorem:
Theorem D. Let f : M → N be a Cr
K
-map between Cr
K
-manifolds mod-
elled on locally convex topological K-vector spaces. If M has infinite dimen-
sion, assume r ≥ 2. Let y ∈ f(M). If N is modelled on a Banach space,
ker Txf is co-Banach in TxM and Txf is surjective for all x ∈ f
−1({y}),
then f−1({y}) is a (not necessarily pure) split Cr
K
-submanifold of M and
Tx(f
−1({y})) = ker Txf for each x ∈ f
−1({y}). If N has finite dimension k,
then f−1({y}) has codimension k in M .
For finite-dimensional N , we recover the Regular Value Theorem from [23]:
Let f : M → N be a Cr
K
-map from a Cr
K
-manifold M to a finite-dimensional
Cr
K
-manifold N . Let y ∈ f(M). If Txf is surjective for all x ∈ f
−1({y}),
then f−1({y}) is a (not necessarily pure) split Cr
K
-submanifold of M , of codi-
mension dimK(N).
Also the following variant may be of interest (compare [8] for the case of
tame Fre´chet spaces):
Theorem E. Let M and N be Cr
K
-manifolds modelled on locally convex topo-
logical K-vector spaces, S ⊆ N be a Cr
K
-submanifold of finite codimension k
and f : M → N be a Cr
K
-map such that
Txf : TxM → Tf(x)N
has dense image for each x ∈ f−1(S). Then f−1(S) is a (not necessarily pure)
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split Cr
K
-submanifold of M , of finite codimension k. Moreover, Tx(f
−1(S)) =
(Txf)
−1(Tf(x)S) for each x ∈ f
−1(S).
IfM andN are Cr
K
-manifolds modelled on locally convex topologicalK-vector
spaces, we call a Cr
K
-map f : M → N a densemersion if Txf : TxM → Tf(x)N
has dense image for each x ∈M . As a special case of Theorem E, we get:
If a Cr
K
-map f : M → N is a densemersion, then f−1(S) is a (not necessarily
pure) Cr
K
-submanifold of M of codimension k, for each Cr
K
-submanifold S of
N of finite codimension k. Moreover, Tx(f
−1(S)) = (Txf)
−1(Tf(x)S) for all
x ∈ f−1(S).
We also have a version of the Constant Rank Theorem.
Theorem F. LetM be a Cr
K
-manifold modelled on a locally convex topological
K-vector space, N be a finite-dimensional Cr
K
-manifold, ℓ ∈ N and f : M →
N be a Cr
K
-map such that the image im(Txf) has dimension ℓ, for each x ∈
M . Let n be the dimension of N . Then, for each x0 ∈ M , there exists a
chart φ : Uφ → Vφ ⊆ E of M and a chart ψ : Uψ → Vψ ⊆ R
n of N such that
x0 ∈ Uφ, f(Uφ) ⊆ Uψ and
(ψ ◦ f ◦ φ−1)(x) = (π(x), 0) for all x ∈ Vφ,
for a continuous linear map π : E → Rℓ which has a continuous linear right
inverse. In particular, f−1({y}) is a split Cr
K
-submanifold of M of codimen-
sion ℓ, for each y ∈ f(M), and Txf
−1({y}) = ker Txf for each x ∈ f
−1({y}).
Moreover, each x0 ∈ M has an open neighbourhood O ⊆ M such that f(O)
is a Cr
K
-submanifold of N and there exists a Cr
K
-diffeomorphism
θ : f(O)× S → O
such that θ({y} × S) = O ∩ f−1({y}) for all y ∈ f(O).
Note that an analogous local decomposition is available for Cr
K
-submersions
as these locally look like a projection pr1 : E1 × E2 → E1, in which case we
can take S := E2 and θ := idE1×E2 (see Lemma 1.12 for details).
For a Constant Rank Theorem for mappings between Banach manifolds (with
or without boundary or corners) and further results on subimmersions, see
already [20]. The book also contains an analogue of Godement’s theorem for
Banach manifoldsM , i.e., a characterization of those equivalence relations ∼
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on M for which the space M/∼ of equivalence classes can be given a Banach
manifold structure which turns the canonical quotient map q : M → M/∼,
x 7→ [x] into a submersion (cf. [25] for the finite-dimensional case).
If G is a Lie group modelled on a locally convex space and g ∈ G, let
λg : G → G be the left translation map x 7→ gx and write g.v := Tλg(v) for
v ∈ TG. Let e be the neutral element of G and g := L(G) := TeG be its Lie
algebra. We recall that G is called regular if the initial value problem
η′(t) = η(t).γ(t), η(0) = e
has a (necessarily unique) solution Evol(γ) := η ∈ C∞([0, 1], G) for each
γ ∈ C∞([0, 1], g) and the map
evol : C∞([0, 1], g)→ G, γ 7→ Evol(γ)(1)
is smooth (see [15], [22], cf. [21]).
We have results on homogeneous spaces of infinite-dimensional Lie groups.
Notably, we obtain (as announced in [13, §4(b)]:
Theorem G. Let G be a Cr
K
-Lie group modelled on a locally convex space
and H be a subgroup of G which is a split Cr
K
-submanifold of G such that
(a) H is a regular Lie group and H is co-Banach; or
(b) H is a Banach-Lie group.
Then G/H can be given a Cr
K
-manifold structure which turns the canonical
quotient map q : G → G/H into a Cr
K
-submersion. If H is, moreover, a
normal subgroup of G, then G/H is a Cr
K
-Lie group.
Note that G/H is a Banach manifold in the situation of (a). We also have a
more technical result independent of regularity (Proposition 8.6).
Recall that a map j : X → Y between topological spaces is called a topological
embedding if j is a homeomorphism onto its image, i.e, the co-restriction
j|j(X) : X → j(X) is a homeomorphism if we endow the image j(X) with the
topology induced by Y .
Return to r ∈ N ∪ {∞, ω} if K = R, r = ω if K = C. Let f : M → N
be a Cr
K
-map between Cr
K
-manifolds modelled on locally convex topological
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K-vector spaces. Let E be the modelling space of M and F be the modelling
space of N .
Definition. We say that f is a Cr
K
-immersion if, for each x ∈M , there exists
a chart φ : Uφ → Vφ ⊆ E of M with x ∈ Uφ and a chart ψ : Uψ → Vψ ⊆ F
of N with f(x) ∈ Uψ such that f(Uφ) ⊆ Uψ and
ψ ◦ f ◦ φ−1 = j|Vφ
for a linear map j : E → F which is a topological embedding onto a comple-
mented vector subspace of F . If f is both a Cr
K
-immersion and a topological
embedding, then we call f a Cr
K
-embedding.
We shall see that a Cr
K
-map f : M → N is a Cr
K
-embedding if and only
if f(M) is a split Cr
K
-submanifold of N and f |f(M) : M → f(M) is a Cr
K
-
diffeomorphism (Lemma 1.13).
The following condition may be easier to check.
Definition. We say that f is a na¨ıve immersion if, for each x ∈ M , the
tangent map Txf : TxM → Tf(x)N is a topological embedding whose image
is a complemented vector subspace of Tf(x)N .
Remarks.
(a) If M is a finite-dimensional manifold, then f : M → N is a na¨ıve
immersion if and only if Txf is injective for each x ∈M .
(b) Every Cr
K
-immersion is a na¨ıve immersion.
Theorem H. Let f : M → N be a Cr
K
-map between Cr
K
-manifolds modelled
on locally convex topological K-vector spaces. Assume that
(a) M is a Banach manifold and r ≥ 2; or
(b) M is finite-dimensional.
Then f is a Cr
K
-immersion if and only if f is a na¨ıve immersion.
Important examples of Cr
K
-maps with injective tangent maps arise from ac-
tions of Lie groups. Let us say that a Lie group G modelled on a locally
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convex space has an exponential function if, for each v ∈ L(G), there is a (nec-
essarily unique) smooth homomorphism γv : R → G such that (γv)
′(0) = v.
In this case, we define
expG : L(G)→ G, expG(v) = γv(1).
Then γv(t) = expG(tv) for all v ∈ L(G) and t ∈ R.
Now consider a smooth Lie group G (modelled on a locally convex space)
which has an exponential function. Let σ : G ×M → M , (g, x) 7→ gx be a
C1-action on a C1-manifold M (modelled on some locally convex space) and
x ∈M with stabilizer Gx such that there is a smooth manifold structure on
G/Gx which turns the quotient map q : G→ G/Gx into a smooth submersion.
Then the orbit map
b : G→M, g 7→ gx
factors to a C1-map
b˜ : G/Gx →M, gGx 7→ gx.
We observe:
Theorem I. For each g ∈ G, the tangent map TgGx b˜ : TgGx(G/Gx)→ TgxM
is injective.
This result is of course known in many special cases (like finite-dimensional
groups), and the proof can follow the familiar pattern.
To illustrate our results on immersions and embeddings, let us look at an
example. Let M be a compact smooth manifold and H be a compact Lie
group. We consider the conjugation action of H (viewed as the group of
constant maps) on the Fre´chet-Lie group G := C∞(M,H). Let γ ∈ G.
Combining Theorem H and Theorem I, we see that the conjugacy class
γH := {hγh−1 : h ∈ H}
is a split real analytic submanifold in G and H/Hγ → γ
H , hHγ 7→ hγh
−1 a
real analytic diffeomorphism (see Example 10.1 for details).
Let r ∈ N ∪ {∞}. A Cr-manifold M modelled on a locally convex space
is called Cr-regular if the topology on M is initial with respect to the set
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Cr(M,R) of all real-valued Cr-functions onM . It is well-known thatM is Cr-
regular if and only if, for each x ∈M and neighbourhood U ⊆M of x, there
exists a Cr-function f : M → R with image in [0, 1], support supp(f) ⊆ U
and such that f |W = 1 for some neighbourhood W ⊆ U of x (see, e.g., [15]).
Recall that if M is a σ-compact finite-dimensional Cr-manifold, of dimen-
sion m, say, then M is Cr-regular and admits a Cr-embedding into R2m, by
Whitney’s Embedding Theorem. As far as infinite-dimensional manifolds are
concerned, embeddings of separable metrizable Hilbert manifolds (and some
more general Banach manifolds and Fre´chet manifolds) as open subsets of the
modelling space have been studied, see [5], [16] and the references therein.
The following theorem generalizes a result of [4] concerning embeddings of
manifolds modelled on RI for some set I.
Theorem J. Let r ∈ N ∪ {∞} and M be a Cr-regular Cr-manifold mod-
elled on a real locally convex space E. Then there exists a Cr-embedding
θ : M → (E × R)M .
Acknowledgement. The author thanks A. Schmeding (Trondheim) for dis-
cussions concerning infinite-dimensional Lie groupoids, which prompted the
Constant Rank Theorem presented in this paper. Also the question solved
in Example 10.1 was posed by him.
1 Preliminaries and basic facts
We write N = {1, 2, . . .} and N0 := N∪{0} and put a total order on N∪{∞, ω}
by ordering N as usual and declaring k < ∞ < ω for each k ∈ N. All topo-
logical spaces and all topological vector spaces considered in the paper are
assumed Hausdorff. We fix a ground field K ∈ {R,C}. Henceforth, the
phrase locally convex space abbreviates locally convex topological K-vector
space. Our general references for differential calculus of Cr-maps, real ana-
lytic and complex analytic mappings are [10] and [15] (cf. also [2]). If E and
F are locally convex spaces, U ⊆ E an open set and f : U → F a C1-map,
we write
df(x, y) :=
d
dt
∣∣∣
t=0
f(x+ ty)
for the directional derivative of f at x ∈ U in the direction y ∈ E. Then
f ′(x) := df(x, .) : E → F is a continuous linear map (see [10] or [15]). Having
fixed K, let r be as in the Introduction. Recall that a Cr
K
-manifold modelled
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on a locally convex space E is a Hausdorff topological spaceM , together with
a maximal Cr
K
-atlas A, consisting of homeomorphism φ : Uφ → Vφ from open
subsets Uφ ⊆M onto open sets Vφ ⊆ E (the charts) such that
⋃
φ∈A Uφ = M
and φ◦ψ−1 : ψ(Uφ∩Uψ)→ E is C
r
K
for all φ, ψ ∈ A. Manifolds of this form are
also called pure manifolds. A topological space M with open connected com-
ponents, together with a Cr
K
-manifold structure modelled on locally convex
space FC on each connected component C of M , is called a (not necessar-
ily pure) Cr
K
-manifold. Unless we explicitly state the contrary, only pure
manifolds are considered in this article. The definition of a Cr
K
-submanifold
N ⊆ M modelled on a closed vector subspace F of the modelling space E
of M was already given in the Introduction. If N is such a submanifold and,
moreover, F is complemented in E, then we call N a split Cr
K
-submanifold
of M . A subset N of a Cr
K
-manifold M is called a (not necessarily pure)
Cr
K
-submanifold of M if N has open connected components in the induced
topology and each connected component C of N is a submanifold ofM mod-
elled on some closed vector subspace FC of the modelling space E of M in
the previous sense (as described in the Introduction). If, moreover, each FC
is complemeted in E, then N is called a split (not necessarily pure) subman-
ifold of M . For example, if f : M → N is a Cr
K
-map between Cr
K
-manifolds,
then its graph
graph(f) = {(x, f(x)) : x ∈M}
is a split Cr
K
-submanifold of M × N . The following fact is used repeatedly
(without further mention): If f : M → N is a map between Cr
K
-manifolds
and f(M) ⊆ S for some Cr
K
-submanifold S ⊆ N , then f is Cr
K
if and only
if f |S : M → S is Cr
K
(see [15]). In this article, the words Cr
K
manifold (and
Cr
K
-Lie group) always refer to Cr
K
-manifolds (and Cr
K
-Lie groups) modelled
on locally convex spaces (which need not be finite-dimensional).
1.1 Fix K and let r ∈ N ∪ {∞, ω} be as in the Introduction. Our main
tool is the Inverse Function Theorem with Parameters from [11] (for smooth
or K-analytic f or finite-dimensional F ) and its strengthened version [14]
(including the Cr-case for finite r, without loss of derivatives):
Let E be a locally convex space, F be a Banach space, U ⊆ E and V ⊆ F
be open, (x0, y0) ∈ U × V aand f : U × V → F be a C
r
K
-map such that
fx0 : V → F , y 7→ f(x0, y) has invertible differential f
′
x0
(y0) : F → F at y0.
If F does not have finite dimension, assume that r ≥ 2. After shrinking the
open neighbourhoods U of x0 and V of y0, one can achieve the following :
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(a) fx := f(x, .) : V → F has open image and fx : V → fx(V ) is a C
r
K
-
diffeomorphism, for each x ∈ U ; and
(b) The image Ω of the map θ : U × V → U × F , θ(x, y) := (x, fp(y)) is
open in U ×F and θ : U ×V → Ω is a Cr
K
-diffeomorphism with inverse
θ−1 : Ω→ U × V, (x, z) 7→ (x, f−1x (z)).
In particular, the map Ω→ V , (x, z) 7→ (fx)
−1(z) is Cr
K
.
In the remainder of this section, we compile some simple basic facts on Cr
K
-
submersions and submanifolds. Certainly several of them may be known or
part of the folklore, but we find it useful to assemble them at one place in
self-contained form.
Lemma 1.2 A Cr
K
-map f : M → N between Cr
K
-manifolds is a Cr
K
-submersion
if and only if, for each x ∈ M , there exists an open neighbourhood U ⊆ M
of x, an open neighbourhood U1 ⊆ N of f(x), a C
r
K
-manifold U2 and a
Cr
K
-diffeomorphism θ : U1 × U2 → U such that f(U) = U1 and f ◦ θ =
pr1 : U1 × U2 → U1, (x1, x2) 7→ x1.
Proof. If f is a Cr
K
-submersion and x ∈ M , let φ : Uφ → E and ψ : Uψ →
Vψ ⊆ F be charts of M and N , respectively, such that x ∈ Uφ, f(Uφ) ⊆ Uψ
and ψ ◦ φ−1 = π|Vφ for a continuous linear map π : E → F admitting a
continuous linear right inverse σ : F → E. Then α := π|σ(F ) : σ(F ) → F is
an isomorphism of topological vector spaces. After replacing the modelling
space F of N with σ(F ) and ψ with α−1 ◦ ψ, we may assume that E = F ⊕
ker(π) as a topological vector space and π is the projection F ⊕ ker(π)→ F ,
(x1, x2) 7→ x1. After shrinkung Uφ, we may assume that Vφ = P × Q with
open subsets P ⊆ F and Q ⊆ ker(π). We may now replace Vψ with P and
hence assume Vφ = P . It remains to set U := Uφ, U1 := Uψ and U2 := Q. Let
prj : U1×U2 → U1, (x1, x2) 7→ xj be the projection onto the j-th component
for j ∈ {1, 2}. Then θ := φ−1◦(ψ×idQ) : U1×Q→ U is a C
r
K
-diffeomorphism
such that f ◦θ = ψ−1◦ψ◦f ◦φ−1◦(ψ×idQ) = ψ
−1◦ψ◦f ◦φ−1◦(ψ◦pr1, pr2) =
ψ−1 ◦ π|P×Q ◦ (ψ ◦ pr1, pr2) = ψ
−1 ◦ ψ ◦ pr1 = pr1.
If, conversely, for x ∈M we can find U , U1, U2 and θ as described in the
lemma, then we choose charts φ : Uφ → Vφ ⊆ E1 and ψ : Uψ → Vψ ⊆ E2 for
U1 and U2, respectively, such that θ
−1(x) ∈ Uφ × Uψ. Set W := θ(Uφ × Uψ).
Let pr1 : U1×U2 → U1 and π : E1×E2 → E1 be the projection onto the first
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component. Then τ := (φ × ψ) ◦ θ−1|W : W → Vφ × Vψ ⊆ E1 × E2 is a C
r
K
-
diffeomorphism and φ◦f ◦τ−1 = φ◦f ◦θ◦(φ−1×ψ−1) = φ◦pr1 ◦(φ
−1×ψ−1) =
π|Vφ, entailing that f is a C
r
K
-submersion. ✷
Lemma 1.3 Let f : M → N and g : N → K be Cr
K
-submersions between
Cr
K
-manifolds. Then also g ◦ f : M → K is a Cr
K
-submersion.
Proof. Given x ∈ M , we find an open neighbourhood U ⊆ M of x and
a Cr
K
-diffeomorphism θ : U1 × U2 → U for some open neighbourhood U1 of
f(x) in N and some Cr
K
-manifold U2, such that f ◦ θ = pr1 : U1 × U2 → U1,
(x1, x2) 7→ x1 (by Lemma 1.2). Applying now Lemma 1.2 to g, we see that,
after shrinking U1, we may assume that there exists an open neighbourhood
V1 ⊆ K of g(f(x)) and a C
r
K
-diffeomorphism ζ : V1×V2 → U1 such that g◦ζ =
π : V1 × V2 → V1, (x1, x2) 7→ x1. Consider the projections p : V1 × V2 × U3 →
V1 × V2, (x1, x2, x3) 7→ (x1, x2) and q : V1 × V2 × U3 → V1, (x1, x2, x3) 7→ x1.
Then η := θ ◦ (ζ× idU2) : V1×V2×U2 → U is a C
r
K
-diffeomorphism such that
g ◦ f ◦ η = g ◦ f ◦ θ ◦ (ζ × idU2) = g ◦ pr1 ◦(ζ × idU2) = g ◦ ζ ◦ p = π ◦ p = q.
Hence g ◦ f is a Cr
K
-submersion, by Lemma 1.2. ✷
Lemma 1.4 Let M be a Cr
K
-manifold, N be a split Cr
K
-submanifold of M
and K be a Cr
K
-submanifold (resp., a split Cr
K
-submanifold) of N . Then K
is a Cr
K
-submanifold (resp., a split Cr
K
-submanifold) of M .
Proof. Let E be the modelling space of M , F ⊆ E be the modelling space
of N and Y ⊆ F be the modelling space of K. By hypothesis, E = F ⊕C as
a topological vector space for some vector subspace C ⊆ E. Given x ∈ K, let
φ : Uφ → Vφ ⊆ E be a chart of M such that x ∈ Uφ and φ(N ∩Uφ) = F ∩Vφ.
After shrinking Vφ, we may assume that Vφ = P × Q with open subsets
P ⊆ F and Q ⊆ C. Next, we choose a chart ψ : Uψ → Vψ ⊆ F of N such
that ψ(K ∩ Uψ) = Y ∩ Vψ. After shrinking Uψ and P if necessary, we may
assume that U ∩ N = φ−1(P ) = Uψ. Then θ := ((ψ ◦ φ
−1|P )× idQ) ◦ φ is a
Cr
K
-diffeomorphism U → P ×Q ⊆ E and hence a chart of M . If x ∈ U ∩K,
then x ∈ U∩N in particular and hence φ(x) ∈ P , entailing that θ(x) = ψ(x).
Now x ∈ U ∩K = (U ∩ N) ∩K = Uψ ∩K entails θ(x) = ψ(x) ∈ Y . Hence
θ(U ∩K) ⊆ (P ×Q)∩Y . If conversely, x ∈ U such that θ(x) ∈ (P ×Q)∩Y ,
then θ(x) ∈ P ∩ Y ⊆ P and thus φ(x) ∈ P , entailing that x ∈ N . Hence
θ(x) = ψ(x) and as this is in Y , we have x ∈ K. Thus θ(K∩U) = Y ∩(P×Q),
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showing that K is a Cr
K
-submanifold of M . If K is a split submanifold of
N , then F = Y ⊕D as a topological vector space for some vector subspace
D ⊆ F and hence E = F ⊕C = Y ⊕ (D⊕C). Thus Y is complemented in E
and so K is a split Cr
K
-submanifold of M . ✷
Lemma 1.5 Let M be a Cr
K
-manifold modelled on a locally convex space E
and N ⊆ M be a subset. Assume that, for each x ∈ N , there exists a closed
vector subspace Fx ⊆ E and a C
r
K
-diffeomorphism φx : Ux → Vx from an
open neighbourhood Ux of x in M onto an open subset Vx ⊆ E such that
φx(N ∩ Ux) = Fx ∩ Vx. Then N is a (not necessarily pure) C
r
K
-submanifold
of M . If each Fx can be chosen as a complemented vector subspace of E,
then N is a (not necessarily pure) split Cr
K
-submanifold of M .
Proof. If x, y ∈ N , write x ∼ y if there exist n ∈ N and x1, . . . , xn ∈ N such
that x ∈ Ux1 , y ∈ Uxn and Uxj∩Uxj+1 6= ∅ for all j ∈ {1, . . . , n−1}. It is clear
that ∼ is an equivalence relation on N . Write [x] for the equivalence class
of x ∈ N . Since y ∼ z for all z ∈ Uy, we have Uy ⊆ [x] for all y ∈ [x] and
hence [x] is open. Hence [x] is open and closed, entailing that [x] contains
the connected component Ny of N containing y for each y ∈ [x]. As the open
neighbourhood Ux∩N of x ∈ N in N is homeomorphic to the open set Vx∩Fx
in the locally convex space Fx, we see that all connected components of N
are open in N . We claim that, if y ∈ [x], then there exists an automorphism
α : E → E of the topological vector space E such that α(Fx) = Fy. We may
therefore replace Fy with Fx for each y ∈ [x] and conclude that N is a (not
necessarily pure) Cr
K
-submanifold of M . Since Fy = α(Fx) is complemented
in E if Fx is complemented in E, we see that N is a (not necessarily pure)
split Cr
K
-submanifold of M whenever Fx can be chosen complemented in E
for each x ∈ N . ✷
Lemma 1.6 If fj : Mj → Nj is a C
r
K
-submersion between Cr
K
-manifolds
for j ∈ {1, 2}, then also f1 × f2 : M1 ×M2 → N1 ×N2 is a C
r
K
-submersion.
Proof. If x = (x1, x2) ∈ M1 ×M2, we find charts φj : Uj → Vj ⊆ Ej for Mj
with xj ∈ Uj and charts ψj : Pj → Qj ⊆ Fj for Nj such that fj(Uj) ⊆ Pj and
ψj ◦ fj ◦ φ
−1
j = πj |Vj for a continuous linear map πj : Ej → Fj admitting a
continuous linear right inverse σj : Fj → Ej for j ∈ {1, 2}. Then π1 × π2 is
continuous linear with σ1×σ2 as a continuous linear right inverse; moreover,
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φ1×φ2 is a chart forM1×M2 with x = (x1, x2) in its domain and (ψ1×ψ2)◦
(f1× f2) ◦ (φ1×φ2)
−1 = (π1×π2)|U1×U2 . Thus f1× f2 is a C
r
K
-submersion. ✷
Lemma 1.7 If f : M → N is a Cr
K
-submersion between Cr
K
-manifolds, then
f is an open map. Moreover, for each x ∈M there exists an open neighbour-
hood U ⊆ N and a Cr
K
-map τ : U →M such that f ◦ τ = idU .
Proof. For each x ∈ M , we find a chart φ : Uφ → Vφ ⊆ E of M with
x ∈ Uφ and a chart ψ : Uψ → Vψ ⊆ F of N such that f(Uφ) ⊆ Uψ and
ψ ◦ f ◦ φ−1 = π|Vφ for a continuous linear map π : E → F admitting a
continuous linear right inverse σ : F → E. After replacing φ with φ − φ(x)
and ψ with ψ − π(φ(x)), we may assume that φ(x) = 0 and 0 = π(φ(x)) =
ψ(f(x)) ∈ Vψ As a consequence, there exists a 0-neighbourhood P ⊆ Vψ such
that σ(P ) ⊆ Vφ. Then τ : ψ
−1(P ) → M , τ := φ−1 ◦ σ ◦ ψ|ψ−1(P ) is a C
r
K
-
map such that τ(f(x)) = φ−1(σ(0))) = φ−1(0) = x and f ◦ τ = f ◦ φ−1 ◦ σ ◦
ψ|ψ−1(P ) = ψ
−1◦ψ◦f◦φ−1◦σ◦ψ|ψ−1(P ) = ψ
−1◦π◦σ◦ψ|ψ−1(P ) = idψ−1(P ). Thus
f : M → N admits local Cr
K
-sections. IfW ⊆M is open and σx : Qx → M for
x ∈ W a Cr
K
-map on an open set Qx ⊆ N with f(x) ∈ Qx and f ◦ σx = idQx ,
then σ−1x (W ) is an open neighbourhood of f(x) in Qx (hence in N) and
f(W ) ⊇ f(σx(σ
−1
x (W ))) = σ
−1
x (W ). This f(W ) is a neighbourhood of each
point f(x) in f(W ) in N and hence f(W ) is open. ✷
Lemma 1.8 Let q : M → N be a surjective Cr
K
-submersion between Cr
K
-
manifolds and f : N → K be a map to a Cr
K
-manifold K. Then f is Cr
K
if
and only if f ◦ q : M → K is Cr
K
.
Proof. If f is Cr
K
, then also f ◦ q is Cr
K
(being a composition of Cr
K
-maps).
Assume, conversely, that f ◦ q is Cr
K
. For each y ∈ N , we find x ∈ M such
that q(x) = y and (with Lemma 1.7) a Cr
K
-map σ : P → M on an open
neighbourhood P of q(x) = y in N such that σ(y) = x and q ◦σ = idP . Thus
f |P = f |P ◦ idP = (f ◦ q) ◦ σ is C
r
K
. As the sets P just obtained cover N for
y ranging through N , we see that f is Cr
K
. ✷
Lemma 1.9 Let M be a Cr
K
-manifold and q : M → N be a surjective map.
If N can be made a Cr
K
-manifold Nj in such a way that q : M → Nj is a
Cr
K
-submersion for j ∈ {1, 2}, then idN : N1 → N2 is a C
∞
K
-diffeomorphism.
In particular, if both N1 and N2 are modelled on the same locally convex
space F , then N1 = N2.
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Proof. Write qj for q, considered as a C
r
K
-submersion to Nj. Since idN ◦q1 =
q2 is C
r
K
and q1 is a surjective C
r
K
-submersion, Lemma 1.8 shows that id : N1 →
N2 is C
r
K
. Likewise, id : N2 → N1 is C
r
K
. Thus id : N1 → N2 is a C
r
K
-
diffeomorphism. If N1 and N2 are modelled on the same space F , this means
that both have the same atlas, whence they coincide as Cr
K
-manifolds. ✷
Lemma 1.10 Let f : M → N be a Cr
K
-map between Cr
K
-manifolds and x0 ∈
M be a point such that the continuous linear map Tx0f : Tx0M → Tf(x0)N
has a continuous linear right inverse. If N is finite-dimensional or N is a
Banach manifold and r ≥ 2, then x0 has an open neighbourhood U ⊆M such
that f |U is a C
r
K
-submersion.
Proof. As the assertion is local, we may assume thatM and N are open sub-
sets of their modelling space E and F , respectively. Let σ : F → E be a con-
tinuous linear right inverse to f ′(x0). Then E = ker f
′(x0)⊕σ(F ) as a topo-
logical vector space and α := f ′(x0)|σ(F ) : σ(F ) → F is an isomorphism of
topological vector spaces. After replacing f with α−1◦f , we may assume that
F = σ(F ) and that f ′(x0) is the projection pr2 : ker f
′(x0) ⊕ F → F . Thus
f ′(x0)|F : F → F is invertible. After shrinking the open X0-neighbourhood
M1, we may assume that M1 = U × V with open subsets U ⊆ ker(f
′(x0))
and V ⊆ F . By the Inverse Function Theorem with Parameters (see 1.1),
after shrinking U and V we may assume that f(x, .) : V → F is a Cr
K
-
diffeomorphism onto an open subset of F for each x ∈ U . As a consequence,
f(x, .)′(y) = f ′(x, y)|F is an isomorphism of topological vector spaces for all
(x, y) ∈ U × V = M1. Holding (x, y) fixed, abbreviate β := f
′(x, y)|F . Then
the continuous linear map β−1 : F → F ⊆ E is a right inverse to f ′(x, y) as
f ′(x, y) ◦ β = f ′(x, y)|F ◦ β = idF . Thus f is a C
r
K
-submersion. ✷
Lemma 1.11 Let N be a Cr
K
-submanifold of finite co-dimension k in a Cr
K
-
manifold M . Then, for each x ∈ N , there exists an open neighbourhood U of
x in M and a Cr
K
-submersion g : U → Rk such that N ∩ U = g−1({0}).
Proof. Let E be the modelling space of M and F ⊆ E be a closed vector
subspace such thatN is modelled on F . There is a chart φ : U → V ⊆ E ofM
such that x ∈ U and φ(N ∩ U) = F ∩ V . Since F has finite codimension
k in E, there exists a vector subspace Y ⊆ E of dimension k such that
E = F ⊕ Y as a topological vector space. Let pr2 : F ⊕ Y → Y be the
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projection onto the second component and α : Y → Rk be an isomorphism.
Then g := α ◦ pr2 ◦φ : U → R
k is a Cr
K
-map such that N ∩ U = g−1({0}).
Since α−1 ◦ g ◦ φ−1 = pr2 |V , we see that g is a C
r
K
-submersion. ✷
Lemma 1.12 Let f : M → N be a Cr
K
-submersion and x0 ∈M . Then there
exists an open neighbourhood O of x0 in M , an open subset S ⊆ ker Tx0f and
a Cr
K
-diffeomorphism
θ : f(O)× S → O
such that θ({y} × S) = O ∩ f−1({y}) for all y ∈ f(O).
Proof. There exists a chart φ : Uφ → Vφ ⊆ E of M with x : 0 ∈ Uφ and
a chart ψ : Uψ → Vψ ⊆ F such that f(Uφ) ⊆ Uψ and ψ ◦ f ◦ φ
−1 = π|Vφ
for a continuous linear map π : E → F which admits a continuous linear
right inverse σ : F → E. Then E = ker(π) ⊕ σ(F ) as a topological vector
space. After shrinking the neighbourhood Vφ of φ(x0), we may assume that
Vφ = P ×Q with open subsets P ⊆ ker π and Q ⊆ σ(F ). After shrinking Vφ,
we may assume that Vφ = π(Q). Thus π|Q : Q→ Vψ is a C
r
K
-diffeomorphism,
with inverse σ|Vψ : Vψ → Q. The map
α := dφ|Tx0M : Tx0M → E
is an isomorphism of topological vector spaces and α−1(ker π) = ker Tx0f .
Define O := Uφ, S := α
−1(Q) ⊆ ker Tx0f and
θ : f(O)× S → O, θ(y, z) := φ−1(α(z) + σ(ψ(y))).
Since Vφ = P ×Q, the map θ is a C
r
K
-diffeomorphism. For (y, z) ∈ f(O)×S,
we have
f(θ(y, z)) = ψ−1ψfφ−1(α(z) + σ(ψ(y))) = ψ−1π(α(z) + σ(ψ(y)))
= ψ−1(πσ(ψ(y))) = ψ−1(ψ(y)) = y.
Hence θ({y} × S) = O ∩ f−1({y}). ✷
Lemma 1.13 For a Cr
K
-map f : M → N between Cr
K
-manifolds, the follow-
ing conditions are equivalent:
(a) f is a Cr
K
-embedding;
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(b) f(M) is a (not necessarily pure) split Cr
K
-submanifold of N and f |f(M) : M →
f(M) is a Cr
K
-diffeomorphism.
Proof. Let E1 be the modelling space of M and E2 be the modelling space
of N . Let j : f(M)→ N be the inclusion map.
(b)⇒(a). Assume that f(M) is a split Cr
K
submanifold of N , modelled
on a complemented vector subspace F ⊆ E2, and assume that f |
f(M) : M →
f(M) is a Cr
K
-diffeomorphism. Then f = j ◦ f |f(M) is a topological embed-
ding. Moreover, E1 is isomorphic to F , and we choose an isomorphism
α : E1 → F
of topological vector spaces. Let ψ : Uψ → Vψ ⊆ E2 be a chart for N such
that f(x) ∈ Uψ and
ψ(f(M) ∩ Uψ) = F ∩ Vψ.
Let Y ⊆ E2 be a vector subspace such that E2 = F ⊕ Y as a topological
vector space. After shrinking the open neighbourhood Uψ of f(x), we may
assume that Vψ = P × Q with open subsets P ⊆ F and Q ⊆ Y . Thus
F ∩ Vψ = P . Let φ : Uφ → Vφ ⊆ E1 be a chart of M such that x ∈ Uφ and
f(Uφ) ⊆ Uψ. Since ψ|f(M)∩Uψ : f(M) ∩ Uψ → F ∩ Vψ is a chart for f(M),
ψ ◦ f ◦ φ−1 : Vφ → F ∩ Vψ
is a Cr
K
-diffeomorphism onto an open subset of F∩Vψ = P . After shrinking P ,
we may assume that ψ ◦ f ◦ φ−1 is a Cr
K
-diffeomorphism Vφ → P . Let
W := α−1(P ) ⊆ E1. Then
θ := (ψ ◦ f ◦ φ−1)−1 ◦ α|W : W → Vφ
is a Cr
K
-diffeomorphism and hence also θ−1 ◦ φ : Uφ → W is a chart for M .
Now
ψ ◦ f ◦ (θ−1 ◦ φ)−1 = ψ ◦ f ◦ φ−1 ◦ θ = α|W
where α : E1 → F ⊆ E2 is a linear topological embedding onto a comple-
mented vector subspace of E2. Hence f is a C
r
K
-immersion.
(a)⇒(b). If f is a Cr
K
-embedding, then f is a topological embedding and
a Cr
K
-immersion. Let y ∈ f(M) and x ∈ M such that y = f(x). We find
charts φ : Uφ → Vφ ⊆ E1 and ψ : Uψ → Vψ ⊆ E2 of M and N , respectively,
such that x ∈ Uφ, f(Uφ) ⊆ Uψ and
ψ ◦ f ◦ φ−1 = i|Vφ
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for a linear topological embedding i : E1 → E2 onto a complemented vector
subspace. Set F := i(E1) and choose a vector subspace Y ⊆ E2 such that
E2 = F ⊕ Y . Since i(Vφ) is relatively open in F ⊆ E2, there is an open
subset Q ⊆ E2 such that i(Vφ) = F ∩Q. We may assume that Q ⊆ Vψ; after
replacing Vψ with Q, we may assume that Vψ = Q and hence
F ∩ Vψ = i(Vφ).
Since f is a topological embedding, f(Uφ) is relatively open in f(M), whence
there exists an open subset W ⊆ N such that W ∩ f(M) = f(Uψ). We may
assume that W ⊆ Uψ; after shrinking Uψ, we may assume that Uψ =W and
hence
f(M) ∩ Uψ = f(Uφ) = ψ
−1((ψ ◦ f ◦ φ−1)(Vφ)) = ψ
−1(i(Vφ)) = ψ
−1(F ∩ Vψ).
Thus ψ(f(M)∩Uψ) = F ∩Vψ, showing that f(M) is a (not necessarily pure)
Cr
K
-submanifold of N with f(M) ∩ Uψ a C
r
K
-submanifold modelled on F .
As F is complemented in E2, we are dealing with split submanifolds. With
respect to the chart φ for M and the chart
τ := ψ|f(M)∩Uψ : f(M) ∩ Uψ → F ∩ Vψ
for f(M), we have τ ◦ f ◦ φ−1 = i|Vφ : Vφ → i(Vφ). As this map is a C
r
K
-
diffeomorphism, f : M → f(M) is a local Cr
K
-diffeomorphism around each
point and hence a Cr
K
-diffeomorphism, as f : M → f(M) also is a homeo-
morphism. ✷
Lemma 1.14 If f : M → N is a Cr
K
-immersion between Cr
K
-manifolds, then
each x ∈ M has an open neighbourhood W ⊆ M such that f |W is a C
r
K
-
embedding.
Proof. Let E1 and E2 be the modelling space of M and N , respectively.
Given x ∈M , we find charts φ : Uφ → Vφ ⊆ E1 and ψ : Uψ → Vψ ⊆ E2 of M
and N , respectively, such that x ∈ Uφ, f(Uφ) ⊆ Uψ and
ψ ◦ f ◦ φ−1 = j|Vφ
for a linear topological embedding j : E1 → E2 with complemented image.
Hence f |Uφ = ψ
−1 ◦ j|Vφ ◦ φ is a topological embedding and thus f |Uφ is a
Cr
K
-embedding. ✷
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Lemma 1.15 Let f : M1 → M2 and g : M2 → M3 be C
r
K
-maps between Cr
K
-
manifolds.
(a) If f and g are Cr
K
-immersions, then also g ◦ f : M1 → M3 is a C
r
K
-
immersion.
(b) If f and g are Cr
K
-embeddings, then also g ◦ f : M1 → M3 is a C
r
K
-
embedding.
Proof. (b) By Lemma 1.13, f(M1) is a split C
r
K
-submanifold ofM2, g(M2) is
a split Cr
K
-submanifold ofM3 and both f : M1 → f(M1) and g : M2 → g(M2)
is a Cr
K
-diffeomorphism. Thus g(f(M)) is a split Cr
K
-submanifold of g(M2).
By Lemma 1.4, g(f(M)) is a Cr
K
-submanifold ofM3, and both g(M2) andM3
induce the same Cr
K
-manifold structure on g(f(M1)). Since g|f(M1) : f(M1)→
g(f(M1)) ⊆ g(M2) is a C
r
K
-diffeomorphism, by the preceding it also is a Cr
K
-
diffeomorphism to g(f(M1)) ⊆M3, and hence g◦f |M1 = g|f(M1)◦fM1 : M1 →
g(f(M1)) ⊆ M3 is a C
r
K
-diffeomorphism. Thus g ◦ f is a Cr
K
-embedding, by
Lemma 1.13.
(a) Let x ∈ M1. By Lemma 1.14, there are open neighbourhoods W1 ⊆
M1 of x and W2 ⊆ M2 of f(x) such that f |W1 and g|W2 are C
r
K
-embeddings.
After shrinking W1, we may assume that f(W1) ⊆ W2. Then (g ◦ f)|W1 =
g|W2◦f |W1 is a C
r
K
-embedding (by (b) already established) and hence (g◦f)|W1
is a Cr
K
-immersion. As the open sets W1 cover M1 as x ranges through M1,
we see that g ◦ f is a Cr
K
-immersion. ✷
Lemma 1.16 Let f : M1 → N1 and g : M2 → N2 be C
r
K
-maps between Cr
K
-
manifolds.
(a) If f and g are Cr
K
-immersions, then also g × f : M1 ×M2 → N1 × N2
is a Cr
K
-immersion.
(b) If f and g are Cr
K
-embeddings, then also g × f : M1 ×M2 → N1 × N2
is a Cr
K
-embedding.
Proof. Let Ej be the modelling space of Mj and Fj be the modelling space
of Nj for j ∈ {1, 2}.
(a) f locally looks like a linear topological embedding i1 : E1 → F1 with
complemented image and g locally looks like a linear topological embedding
i2 : E2 → F2 with complemented image. Hence f × g locally looks like i1× i2
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which is a linear topological embedding with complemented image. Thus
f × g is a Cr
K
-immersion.
(b) f × g is a Cr
K
-embedding (by (a)) and a topological embedding, as
both f and g is a topological embedding. Hence f × g is a Cr
K
-embedding. ✷
2 Proof of Theorem A
We know that every Cr
K
-submersion is a na¨ıve submersion. Conversely, as-
sume that the Cr
K
-map f : M → N is a na¨ıve submersion to the Banach
manifold N . Since being a Cr
K
-submersion is a local property, we may as-
sume thatW := M is an open subset of a locally convex space E and N is an
open subset of a Banach space Y . Let w0 ∈ W . Since f is a na¨ıve submer-
sion, there exists a vector subspace F ⊆ E such that E = (ker f ′(w0)) ⊕ F
as a topological vector space and α := f ′(w0)|F : F → Y is an isomorphism
of topological vector spaces. After replacing f with α−1 ◦ f , we may assume
that Y = F (and f ′(w0)|F = idF ). Write w0 = (x0, y0) with x0 ∈ ker f
′(w0)
and y0 ∈ F . After shrinking W , we may assume that W = U × V with open
neighbourhoods U ⊆ ker f ′(w) of x0 and V ⊆ F of y0. By the inverse func-
tion theorem with parameters (see 1.1), after shrinking the neighbourhoods
U and V we may assume that the map
θ : U × V → U × F, (x, y) 7→ (x, f(x, y))
is a Cr
K
-diffeomorphism onto an open subset Ω of U ×F . Identifying E with
(ker f ′(w0)) × F , we can consider θ as a global chart for W = U × V . On
N ⊆ F , we use the the chart idN . Then
idN ◦f ◦ θ
−1 = f ◦ θ−1 = pr2 ◦θ ◦ θ
−1 = pr2 |Ω
with pr2 : E × F → F , (x, y) 7→ y. Thus f is a C
r
K
-submersion. ✷
3 Proof of Theorem B
Let us assume that g : M2 → N is a C
r
K
-submersion in the situation of The-
orem B (the case that f is a Cr
K
-submersion is similar). Then, for each
(x0, y0) ∈ S := {(x, y) ∈M1×M2 : f(x) = g(x)}, we find a chart φ : Uφ → Vφ
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from an open neighbourhood Uφ ⊆M2 of y0 onto an open set Vφ in the mod-
elling space E2 of M2 and a chart ψ : Uψ → Vψ from an open neighbourhood
Uψ ⊆ N of g(y0) onto an open subset Uψ of the modelling space F of N such
that g(Uφ) ⊆ Uψ and
ψ ◦ g ◦ φ−1 = π|Vφ
for some continuous linear map π : E2 → F which has a continuous linear
right inverse σ : F → E2. After replacing the modelling space of N with the
isomorphic locally convex space σ(F ), we may assume that E2 = ker(π)⊕F
as a topological vector space and π = pr1 : F × ker(π)→ F is the projection
onto the first factor. There is a chart τ : Uτ → Vτ of M1 with x0 ∈ Uτ and
f(Uτ ) ⊆ Uψ. Since being a submanifold is a local property, it suffices to show
that T := S ∩ (Uτ × Uφ) is a submanifold of Uτ × Uφ. Equivalently, we need
to show that (τ × φ)(T ) is a submanifold of Vτ × Vφ. But this is the fibre
product of Vτ and Vφ with respect to the maps ψ ◦ f ◦ τ
−1 and ψ ◦ g ◦ φ−1.
We may therefore assume now that Mj is an open subset of a locally convex
space Ej for j ∈ {1, 2}, that N an open subset of a complemented vector
subspace F ⊆ E2, and g = pr1 |M2 with pr1 : F ⊕ C → F , (y, z) 7→ y for a
complementary vector subspace C ⊆ E2. After shrinking the neighbourhood
M2 of the given point y0, we may assume that M2 = P ×Q with For x ∈M1
and (y, z) ∈M2 with y ∈ F and z ∈ C, we have
f(x) = g(y, z) = pr1(y, z) = y
if and only if y = f(x). Thus S = graph(f)×Q is a split Cr
K
-submanifold of
M1×M2 =M1×P×Q (recalling that graphs are split). Let π : M1×M2 →M1
denote the pojection onto the first component. The map θ : S → M1 × Q,
(x, y, z)→ (x, z) is a chart for S with inverse
θ−1 : M1 ×Q→ S, (x, z) 7→ (x, f(x), z).
Using the chart idM1 for M1, we obtain (idM1 ◦π ◦ θ
−1)(x, z) = x. Thus
π|S : S →M1 is a C
r
K
-submersion. ✷
4 Proof of Theorem C
Let E be the modelling space of M and F be the modelling space of N .
Given x0 ∈ M , let φ : Uφ → Vφ ⊆ E be a chart of M with x0 ∈ Uφ and
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ψ : Uψ → Vφ ⊆ F be a chart for N with f(x0) ∈ Uψ such that f(Uφ) ⊆ Uψ
and
ψ ◦ f ◦ φ−1 = π|Vφ
where π : E → F is a continuous linear map which admits a continuous
linear right inverse σ : F → E. It suffices to show that f−1(S) ∩ Uφ =
(f |Uφ)
−1(S ∩ Uψ) is a submanifold of Uφ or, equivalently, that φ(f
−1(S) ∩
Uφ) = (ψ ◦ f ◦ φ
−1)−1(ψ(S ∩ Uψ)) is a submanifold of Vφ. We may therefore
assume that M and N are open subsets of E and F , respectively, and that
f = π|M for a continuous linear map π : E → F with a continuous linear
right inverse σ : F → E. After replacing F with σ(F ), we may assume that
π : F ⊕ ker(π) → F is the projection onto the first factor. After shrinking
the open x0-neighbourhood M1, we may assume that M1 = P ×Q with open
subsets P ⊆ F and Q ⊆ ker(π). Then P ⊆ M2; after shrinking M2, we may
assume that M2 = P . Let Y ⊆ F be the modelling space of S. Now
f−1(S) = S ×Q
is a Cr
K
-submanifold of P × Q = M2 × Q = M1 (which is split if S is split)
and g := f |f−1(S) : S × Q → S is a C
r
K
-submersion because for each chart
θ : Uθ → Vθ ⊆ Y of S, we have θ ◦ g ◦ (θ × idQ)
−1 = pr1 |Vθ×Q with the
projection pr1 : Y × ker(π) → Y . If S has finite codimension k in N , then
dimK(F/Y ) = k. Hence also dimK((F × ker(π))/(Y × ker(π)) = k and
thus f−1(S) = S × Q has finite codimension, k, in P × Q = M1. Finally, if
x = (s, q) ∈ f−1(S), then Tx(f
−1(S)) = TsS×TqQ = TsS×ker π = π
−1(TsS)
(identifying TsS with a vector subspace of F ). ✷
5 Proof of Theorem D
By the hypothesis an Lemma 1.10, each x ∈ f−1({y}) has an open neigh-
bourhood Ux ⊆M such that f |Ux is a C
r
K
-submersion. Then
U :=
⋃
x∈f−1({y})
Ux
is an open submanifold of M such that f−1({y}) ⊆ U and g := f |U is a
Cr
K
-submersion. Since {y} is a split submanifold of N with Ty{y} = {0}, we
deduce with Theorem C that f−1({y}) = g−1({y}) is a (not necessarily pure)
split Cr
K
-submanifold of U and hence ofM , with Txf
−1({y}) = Txg
−1({0}) =
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ker Txg = ker Txf for each x ∈ f
−1({y}). If N has finite dimension k, then
{y} has co-dimension k in N and thus g−1({y}) has co-dimension k in U
(and hence in M), by Theorem C. ✷
6 Proof of Theorem E
For each x ∈ f−1(S), Txf : TxM → Tf(x)N has dense image. Since S is a C
r
K
-
submanifold ofN of finite codimension k, there exists an open neighbourhood
W ⊆ N of f(x0) and a C
r
K
-submersion g : W → Rk such that S ∩ W =
g−1({0}) (see Lemma 1.11). Then f−1(W ) is an open neighbourhood of x0
in M such that
f−1(S) ∩ f−1(W ) = f−1(S ∩W ) = f−1(g−1({0})) = (g ◦ f |f−1(W ))
−1({0}).
Now h := g ◦ f |f−1(W ) : f
−1(W )→ Rk is a Cr
K
-map such that Tyh = Tf(y)g ◦
Tzf has dense image for each y ∈ h
−1({0}) = f−1(S) ∩ f−1(W ). As every
dense vector subspace of Th(y)(R
k) ∼= Rk is all of Th(y)(R
k), we deduce that
Tyh : TyM → Th(y)(R
k) is surjective for each y ∈ f−1(S)∩f−1(W ). Hence, by
the regular value theorem with finite-dimensional range manifolds (as stated
after Theorem D), f−1(S)∩ f−1(W ) = h−1({0}) is a split Cr
K
-submanifold of
f−1(W ) of codimension k, and Tx(f
−1(S)) = ker Txh = (Txf)
−1(ker Tf(x)g) =
(Txf)
−1(Tf(x)S) for each x ∈ f
−1(S) ∩ f−1(W ). Since f−1(W ) is an open
neighbourhood of x0 in M , the assertion follows. ✷
7 Proof of Theorem F
See, e.g., [25, Part II, Chapter III, §10 4) Theorem] for a proof of the constant
rank theorem for mappings between open subsets of finite-dimensional vector
spaces. The following proof is also indebted to [9], where a particularly clear
presentation of the classical case is given.
Because all assertions of Theorem F are of a local nature, it suffices to prove
it in the case that M = U is an open subset of a locally convex space E and
N = Rn. Let x0 ∈ U and consider a C
r
K
-map f : U → Rn such that im f ′(x)
has dimension ℓ, for each x ∈ U . Let Z := im f ′(x0). After replacing f
with α ◦ f with a suitable automorphism α : Rn → Rn, we may assume
that Z = Rℓ × {0}, which we identify with Rℓ. Then K := ker f ′(x0) has
finite co-dimension, enabling us to pick a finite-dimensional vector subspace
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C ⊆ E such that E = C ⊕K. Then Z = f ′(x0)(C), whence we can pick an
ℓ-dimensional vector subspace Y ⊆ C with f ′(x0)(Y ) = Z. Let D ⊆ C be a
vector subspace such that C = Y ⊕D. Then
E = Y ⊕D ⊕K = Y ⊕W
with W := D ⊕K and
f ′(x0)|Y : Y → Z = R
ℓ × {0}
is an isomorphism onto its image Z. Write f = (f1, f2) with f1 : U → R
ℓ,
f2 : U → R
n−ℓ. Then (f1)
′(x0)|Y = f
′(x0)|
Z
Y is an isomorphism between
ℓ-dimensional vector spaces, showing that the Cr
K
-map f1 satisfies the hy-
potheses of the Inverse Function Theorem with Parameters (cf. 1.1). We
therefore find an open neighbourhood P × Q ⊆ Y ×W of x0 such that the
map
g : P ×Q→ Z ×W, (y, w) 7→ (f1(y, w), w)
has open image Ω and is a Cr
K
-diffeomorphism onto its image. Write x0 =
(y0, w0) with y0 ∈ P ⊆ Y , w0 ∈ Q ⊆W . We choose a connected open neigh-
bourhood Ω2 of w0 in the locally convex spaceW and an open neighbourhood
Ω1 of f1(y0, w0) in R
ℓ such that
Ω1 × Ω2 ⊆ Ω.
Then Ω3 := g
−1(Ω1×Ω2) is an open neighbourhood of x0 in U and g restricts
to the Cr
K
-diffeomorphism
φ : Ω3 → Ω1 × Ω2, φ(y, w) = (f1(y, w), w).
Then
(f ◦ φ−1)(v, w) = (v, h(v, w)) for all (v, w) ∈ Ω1 × Ω2
with a Cr
K
-function h : Ω1 × Ω2 → R
n−ℓ. By the preceding formula, for all
(v, w) ∈ Ω1 × Ω, we can express the image of the partial differential with
respect to the variables in Rℓ as
im d1(f ◦ φ
−1)(v, w; .) = graph d1h(v, w, .),
which is an ℓ-imensional vector space and intersects {0}×Rn−ℓ in the trivial
vector subspace. Hence, because im f ′(v, w) has dimension ℓ, it must not
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contain non-zero vectors u in {0} ×Rn−ℓ, as the sum graph d1h(v, w, .) +Rv
would be direct and hence dim im f ′(v, w) > ℓ, contradicting the hypotheses.
We deduce that
d2h(v, w, .) = 0 for all (v, w) ∈ Ω1 × Ω2.
Thus, for fixed x, the map h(x, .) : Ω2 → R
n−k has vanishing differential and
so h(x, .) is constant, as Ω2 is assumed connected (see, e.g., [15]). Hence
h(v, w) = h(v, w0) = b(v) in terms of the C
r
K
-function
b : Ω1 → R
n−ℓ, b(v) := h(v, w0).
Thus (f ◦ φ−1)(v, w) = (v, b(v)) for all v ∈ Ω1. Now
ψ : Rℓ × Rn−ℓ → Rℓ × Rn−ℓ, (v, u) 7→ (v, u− b(v))
is a Cr
K
-diffeomorphism (with inverse (v, u) 7→ (v, u+ b(v))) and
(ψ ◦ f ◦ φ−1)(v, w) = (v, 0),
as desired.
Note that f(Ω3) is a C
r
K
-submanifold of Rn as ψ is a diffeomorphism and
ψ(f(Ω3)) = (ψ ◦ f ◦ φ
−1)(Ω1 × Ω2) = Ω1 × {0} is a C
r
K
-submanifold of
Rℓ × Rn−ℓ = Rn. Moreover, ψ restricts to a Cr
K
-diffeomorphism f(Ω3) →
Ω1 × {0} = g(Ω1 × Ω2) with
g := ψ ◦ f ◦ φ−1 : Ω1 × Ω2 → R
n = Rℓ × Rn−ℓ, (v, w) 7→ (v, 0).
For each y ∈ f(Ω3), we have
Ω3 ∩ f
−1({y}) = φ−1((ψ ◦ f ◦ φ−1)−1({ψ(y)}) = φ−1(g−1({ψ(y)})).
Hence Ω3 ∩ f
−1({y0}) will be a split C
r
K
-submanifold of Ω3 with tangent
spaces as asserted if g−1({ψ(y)}) is a split Cr
K
-submanifold of Ω1 × Ω2 and
Tx(g
−1({ψ(y})) = ker Txg for each x ∈ g
−1({ψ(y)}). We have y = φ−1(v, w)
with suitable v ∈ Ω1 and w ∈ Ω2. Then ψ(y) = g(v, w) = (v, 0) and
g−1({ψ(y)}) = g−1(v, 0) = {v} × Ω2,
which indeed is a split Cr
K
-submanifold of Ω1 ×Ω2 with tangent space {0}×
W = ker Txg for each x. The map
ζ : im(g)× Ω2 = (Ω1 × {0})× Ω2 → Ω1 × Ω2, ((v, 0), w) 7→ (v, w)
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is a Cr
K
-diffeomorphism such that
ζ({(v, 0)} × Ω2) = {v} × Ω2 = g
−1({(v, 0)})
for each (v, 0) ∈ im(g). Then
θ : f(Ω3)× Ω2 → Ω3, θ(y, w) := φ
−1(ζ(ψ(y), w))
is a Cr
K
-diffeomorphism such that θ({y} × Ω3) = Ω3 ∩ f
−1({y}) for each
y ∈ f(Ω3). ✷
8 Proof of Theorem G
In this section, our conventions are as follows: We let K ∈ {R,C}. If K = R,
we let r ∈ {∞, ω}. If K = C, we let r := ω.
We shall use a folklore fact, part of which can also be found in [1]. As the
result is known in special cases and the proof does not contain surprises, we
relegate it to an appendix (Appendix A).
Lemma 8.1 Let G be a Cr
K
-Lie group and H ⊆ G be a Cr
K
-Lie subgroup.1 Let
q : G→ G/H, x 7→ xH be the canonical map. Then the following conditions
are equivalent:
(a) There exists a Cr
K
-manifold structure on G/H which turns q into a
Cr
K
-submersion.
(b) There is a submanifold S ⊆ G with e ∈ S such that SH ⊆ G is open
and the product map
S ×H → SH, (x, y) 7→ xy
is a Cr
K
-diffeomorphism.
(c) There is a submanifold S ⊆ G with e ∈ S and an open identity neigh-
bourhood W ⊆ H such that SW ⊆ G is open and the product map
S ×W → SW, (x, y) 7→ xy
is a Cr
K
-diffeomorphism.
1Thus H is locally closed in G (like any submanifold) and hence closed, being a sub-
group.
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If (a)–(c) hold, then the action G × G/H → G/H, (g, xH) 7→ gxH is Cr
K
.
Also, Teq = L(H). If, moreover, N is a normal subgroup of G, then G/H is
a Cr
K
-Lie group.
8.2 Recall that an immersed Cr
K
-submanifold of a Cr
K
-manifold M is a Cr
K
-
manifoldN such thatN ⊆M as a set and each x ∈ N has an open neighbour-
hoodW ⊆ N such thatW is a split Cr
K
-submanifold ofM and idW : W →W
is a Cr
K
-diffeomorphism if we consider W on the left as an open submanifold
of N and give W on the right the Cr
K
-manifold structure induced by M . The
the inclusion map j : N → M is Cr
K
in particular and jx : TxN → TxM is a
linear topological embedding onto a complemented vector subspace of TxM .
We identify TxN with its image in TxM .
8.3 If M is a Cr
K
-manifold modelled on E, we consider its tangent bundle
TM as a Cr
K
-vector bundle over M with typical fibre E. A (regular) vector
distribution onM is a Cr
K
-vector subbundle D ⊆ TM . We say that the vector
distribution is finite-dimensional, Banach and co-Banach-respectively, if its
typical fibre F ⊆ E is finite-dimensional, a Banach space, resp., a co-Banach
vector subspace F ⊆ E. We abbreviate Dp := D ∩ TpM for p ∈ M . Thus
Dp ∼= F .
We define (cf. [7]):
Definition 8.4 If D is a vector distribution on a Cr
K
-manifold M , then each
connected immersed Cr
K
-submanifold N ⊆ M such that
TpN = Dp for all p ∈ N
is called an integral submanifold for D. An integral submanifold N ⊆ M is
called maximal if it has the following property:
For every integral submanifold N1 ⊆M such that N1∩N 6= ∅, we have N1 ⊆
N and the inclusion map N1 → N is C
r
K
. Maximal integral submanifolds are
also called leafs.
A chart φ : U → V ofM is called a Frobenius chart if we can write V = P×Q
with an open set P ⊆ C in a vector subspace C ⊆ E such that E = C ⊕ F
as a topological vector space and a connected open subset Q ⊆ F , and the
Cr
K
-submanifolds
Sp := φ
−1({p} ×Q)
are integral manifolds for D, for all p ∈ P .
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In [6] and [7], J. M. Eyni proved Frobenius theorems for finite-dimensional,
Banach and co-Banach vector distributions on Ck-manifolds (under suitable
hypotheses), and applied these to the integration problem for Lie subalgebras
(cf. also [17] and [26]). His methods show:
Proposition 8.5 Let G be a Cr
K
-Lie group and h ⊆ L(G) be a Lie subalgebra
of the K-Lie algebra L(G). Assume that
(a) h is co-Banach in L(G); or:
(b) h is a Banach space, complemented in L(G), and there is a Cr
K
-map
ε : h→ G such that R→ G, t 7→ ε(tv) is a group homomorphism with
d
dt
∣∣∣
t=0
ε(tv) = v for all v ∈ h.
Then the left invariant vector distribution on G given by Dg := Tλg(h) admits
leafs Lg with g ∈ Lg, for each g ∈ G. The leaf H := Le is an immersed C
r
K
-
Lie subgroup of G with L(H) = h and Lg = gH for each g ∈ G. Moreover,
for each g ∈ G there exists a Frobenius chart around g.
Proof. The case K = R, r =∞ is covered by [6] and [7]. However, because
the inverse function theorem with parameters works just as well for real and
complex analytic maps, inspecting the proofs one finds that the proposition
remains valid in the real and complex analytic cases. ✷
Note that condition (b) of the Proposition 8.5 is satisfied with ε := expG |h
if G has an exponential function expG : g→ G which is C
r
K
.
Proposition 8.6 If the leaf H := Le in Proposition 8.5 is a C
r
K
-submanifold
of G and immersed Cr
K
-submanifold structure coincides with the Cr
K
-manifold
structure induced by G, then G/H can be made a Cr
K
-manifold in such a way
that q : G→ G/H, x 7→ xH becomes a Cr
K
-submersion.
Proof. Let φ : U → V = P × Q with P ⊆ C, Q ⊆ F be a chart of M
which is a Frobenius chart for the left invariant vector distribution given
by Dg := Tλgh (as provided by Eyni’s Theorem). After a translation, we
may assume that φ(e) = 0. Choose an open identity neighbourhood O ⊆ G
such that OO ⊆ U and a connected identity neighbourhood W ⊆ H such
that W ⊆ O. Then S := O ∩ φ−1(P × {0}) is a Cr
K
-submanifold of G. If
s = φ−1(p, 0) ∈ S, then sW is an integral manifold for D contained in W
which contains φ−1(p, 0) and hence contained in Sp := φ
−1({p} × Q). As
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these sets are disjoint for distinct p, we see that s1W ∩ s2W = ∅ if s1 6= s2.
As a consequence, the product map
p : S ×W → U ⊆ G, (s, w) 7→ sw
is injective. It is clear that p is Cr
K
. We have φ−1(p, 0)H = Lφ−1(p,0) ⊇ Sp,
for each x ∈ U . Write φ = (π, φ2) : U → P ×Q. Then
x = φ−1(π(x), 0)︸ ︷︷ ︸
=:s(x)
φ−1(π(x), 0)−1x︸ ︷︷ ︸
=:h(x)
and both s : U → U and h : U → H are Cr
K
. Then U0 := (s, h)
−1(O ×W ) =
(s, h)−1(S ×W ) is open in U and
p ◦ (s, h) = idU0
Hence U0 ⊆ im(p). Thus Y := p
−1(U0) is an open subset of S × W and
p|Y : Y → U0 is a bijection. Since (s, h) ◦ p|Y = idY , we see that the C
r
K
-map
(s, h)|U0 is the inverse of p|Y . Thus p|Y : Y → U0 is a C
r
K
-diffeomorphism.
There are open identity neighbourhoods S1 ⊆ S and W1 ⊆ W such that
S1 ×W1 ⊆ Y . Then S1W1 = p(S1 ×W1) is open in U0 and hence in G, and
the product map p|S1×W1 : S1 ×W1 → S1W1 ⊆ G is a C
r
K
-diffeomorphism.
Therefore Lemma 8.1 applies. ✷
Proof of Theorem G. Let h := L(H) and D be the left invariant distri-
bution on G given by Dg := Tλg(h). Let K := Le be the leaf to D passing
through the neutral element e. We know from Eyni’s Theorem that S is
an immersed Lie subgroup of G with L(K) = h. Since also the connected
component He of e in H is an integral manifold for D, the maximality of S
shows that H0 ⊆ K and that the inclusion map j : H0 → K is C
r
K
.
The case that H is a Banach-Lie group. Since L(j) = idh, the inverse
function theorem shows that j is a diffeomorphism onto an open subgroup
and hence and isomorphism of Lie groups (as K is connected). Hence K is a
Cr
K
-submanifold of G and thus G/K admits a Cr
K
-manifold structure which
turns the canonical map p : G → G/K, x 7→ xK into a Cr
K
-submersion (by
Proposition 8.6).
The case that H is co-Banach and regular. Since S is a connected Cr
K
-
manifold, we find for each y ∈ K a C∞-map η : [0, 1]→ K such η(0) = e and
η(1) = y. Let γ := δℓ(η) be the left logarithmic derivative of η. Since H is
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regular, we can form ζ := EvolH(γ). Then both η and ζ satisfy the initial
value problem
y′(t) = y(t)γ(t), y(0) = e
in G and hence (by the uniqueness of solutions) η = ζ , entailing that x =
η(1) = ζ(1) ∈ H0. Hence K ⊆ H0 and thus K = H0 as a set. As the
inclusion map K → G is Cr
K
and H0 is a C
r
K
-submanifold of G, we deduce
that id : K → H0 is C
r
K
. As we already discussed the inverse j, we see
that id : K → H0 is a C
r
K
-diffeomorphism. Hence Proposition 8.6 provides a
Cr
K
-manifold structure on G/K which turns p : G → G/K, x 7→ xK into a
Cr
K
-submersion.
In either case, Lemma 8.1 provides a Cr
K
-submanifold S ⊆ G with e ∈ S
and an open identity neighbourhood W ⊆ H0 such that SW is open in G
and the product map
S ×W → SW
is a Cr
K
-diffeomorphism. Since W is also an open identity neighbourhood
in H , we deduce with Lemma 8.1 that there is a Cr
K
-manifold structure on
G/H which turns q : G → G/H , x 7→ xH into a Cr
K
-submersion. If H is a
normal subgroup, then G/H is a Lie group, again by Lemma 8.1. ✷
9 Proof of Theorem H
We know that every Cr
K
-immersion is a na¨ıve immersion. Conversely, let
f : M → N be a Cr
K
-map between Cr
K
-manifolds such that f is a na¨ıve
immersion and condition (a) or (b) of the theorem is satisfied. Let E1 be the
modelling space of M and E2 be the modelling space of N . Given x ∈ M ,
let φ : Uφ → Vφ ⊆ E1 and ψ : Uψ → Vψ ⊆ E2 be charts form M and N ,
respectively, such that x ∈ Uφ and f(Uφ) ⊆ Uψ. Abbreviate
g := ψ ◦ f ◦ φ−1 : Vφ → Vψ.
Since Txf is a linear topological embedding with complemented image, also
g′(φ(x)) : E1 → E2 is a linear topological embedding with complemented
image. We let F := im g′(ψ(x)) and choose a vector subspace Y ⊆ E2 such
that E2 = F ⊕ Y . After shrinking the open ψ(x)-neighbourhood Vψ and the
open x-neighbourhood Vφ, we may assume that
Vψ = P ×Q
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with open subsets P ⊆ F and Q ⊆ Y . Let g = (g1, g2) be the components of
g with respect to E2 = F ⊕ Y = F × Y . Thus g1(Vφ) ⊆ P . Then
g′1(ψ(x)) = g
′(ψ(x))|F : E1 → F
is an isomorphism of topological vector spaces. Since E1 is a Banach space by
hypothesis, also F is a Banach space. Since r ≥ 1 if E1 is finite-dimensional
and r ≥ 2 if E1 is infinite-dimensional, we can use the Inverse Function
Theorem for Cr
K
-maps between Banach space. Thus, after shrinking the
open ψ(x)-neighbourhood Vφ, we may assume that g1(Vφ) is open in F and
g1 : Vφ → g(Vφ) ⊆ F
is a Cr
K
-diffeomorphism. We choose an isomorphism of topological vector
spaces α : E1 → F (for example, the restriction of g
′(ψ(x))) and set W :=
α(Vφ). Then
θ : W ×Q→M2, (w, q) 7→ ψ
−1(g1(α
−1(w)), q)
is a Cr
K
-diffeomorphism onto an open subset O ⊆ Uψ. Thus
θ−1 : O →W ×Q ⊆ F × Y = E2
is a chart for M2. We have
(f ◦ φ−1)(u) = (ψ−1 ◦ ψ ◦ f ◦ φ−1)(u) = ψ−1(g(u)) = ψ−1(g1(u), g2(u))
= ψ−1(g1(α
−1(α(u))), g2(u)) = θ(α(u), g2(u))
for each u ∈ Uφ and hence
θ−1 ◦ f ◦ φ−1 = (α, g2) : Uφ →W ×Q ⊆ F × Y.
Note that
β : W × Y → W × Y, β(w, y) := (w, y − g2(α
−1(w))
is a Cr
K
-diffeomorphism. Hence also β ◦ θ−1 is a chart for M2. By the pre-
ceding, we have
(β◦θ−1)◦f◦φ−1(u) = β(α(u), g2(u)) = (α(u), g2(u)−g2(α
−1(α(u)))) = (α(u), 0).
Hence (β ◦θ−1)◦f ◦φ−1 = α|Vφ : Vφ → F ⊆ E2. Thus f is a C
r
K
-immersion.✷
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10 Proof of Theorem I
We first prove the theorem and then discuss an example.
Proof of Theorem I. Since q is a submersion, Gx = q
−1({Gx}) is a smooth
submanifold of G. Given g ∈ G, abbreviate σg := σ(g, .). We have (b ◦
λg)(h) = b(gh) = σ(gh, x) = σ(g, .)(b(h)) for each h ∈ G and thus b ◦ λg =
σg ◦ b, entailing that
Tλg ◦ Tb = Tσg ◦ Tb. (1)
Likewise,
TΛg ◦ T b˜ = Tσg ◦ T b˜ (2)
with Λg : G/Gx → G/Gx, hGx 7→ ghGx. Suppose there is g ∈ G and 0 6=
v ∈ TgGxG/Gx such that T b˜(v) = 0. Using (2) with g
−1 in place of g, we
see that also T b˜TΛg−1v = Tσg−1T b˜v = 0, where 0 6= TΛg−1v ∈ TGxG/Gx.
We may therefore assume that g = e. To derive a contradiction, we write
v = Tq(w) with some w ∈ L(G). Since b˜ ◦ q = b, we have T b˜ ◦ Tq = Tb.
Thus Tb(w) = 0. Since Teq = L(Gx) by Lemma 8.1 and v = T = eq(w) 6= 0,
we have
w 6∈ L(Gx). (3)
Now consider the one-parameter group
γ : R→ G, γ(t) := expG(tw).
Then γ′(t) = Tλγ(t)v for each t ∈ R and hence
(b ◦ γ)′(t) = TbTλγ(t)v = Tσγ(t)Tb(v) = 0
for each t ∈ R, entailing that b ◦ γ is constant and hence b(γ(t)) = x for all
t ∈ R. We can therefore consider γ also as a smooth map to Gx and deduce
that v = γ′(0) ∈ T (Gx), contradicting (3). This completes the proof. ✷
Example 10.1 Let M be a compact smooth manifold and H be a compact
Lie group. We consider the conjugation action of H (viewed as the group of
constant maps) on the Fre´chet-Lie group G := C∞(M,H). Given γ ∈ H , its
stabilizer
Hγ = {h ∈ H : hγh
−1 = γ}
is a closed subgroup ofH and thus H/Hγ is a compact real analytic manifold.
As the quotient map q : H → H/Hγ is a real analytic submersion and the
orbit map
H → G, h 7→ hγh−1
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is real analytic, also the induced injective map
b˜ : H/Hγ → G, hHγ 7→ hγh
−1
is real analytic. Since H is finite-dimensional, it has a real analytic exponen-
tial map and thus Theorem I shows that T b˜ is injective. Since H/Hγ is finite-
dimensional, this means that b˜ is a na¨ıve immersion and hence a real analytic
immersion, by Theorem H. But b˜ is also a topological embedding (since H/Hγ
is compact). Hence b˜ is a real analytic embedding and thus γH = b˜(H/Hγ)
is a real analytic submanifold of C∞(M,H) and b˜ : H/Hγ → γ
H is a real
analytic diffeomorphism, by Lemma 1.13.
11 Proof of Theorem J
For each x ∈M , we choose a Cr-diffeomorphism φx : Ux → Vx from an open
neighbourhood Ux ⊆ M of x onto an open subset Vx ⊆ E. As we assume
that M is Cr-regular, we find a Cr-function hx : M → R with supp(hx) ⊆ Ux
such that hx|Wx = 1 for some open neighbourhood Wx ⊆ Ux of x. We also
find a Cr-function gx : M → R such that gx(x) = 1 and gx|M\Wx = 0. Now
ψx : M → E, y 7→
{
hx(y)φx(y) if y ∈ Ux;
0 if y ∈M \ supp(hx)
is a well-defined Cr-map. We consider the Cr-map
θ := (ψx, gx)x∈M : M → (E × R)
M .
To see that θ is injective, let x, y ∈ M such that θ(x) = θ(y); then gx(y) =
gx(x) = 1 and thus y ∈ Wx, whence hx(y) = 1 and thus φx(x) = ψx(x) =
ψx(y) = φx(y), entailing that x = y.
To see that the image θ(M) is a Cr-submanifold of (E × R)M , consider a
point θ(x) ∈ θ(M) with x ∈M . The set
Yx := {y ∈M : gx(y) 6= 0}
is an open neighbourhood of x in Wx. The set
Zx := φx(Yx)
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is an open neighbourhood of φx(x) in Vx. Consider the evaluation
evx : (E × R)
M → E × R, f 7→ f(x)
at x, which is a continuous linear map. Abbreviate R× := R \ {0}. Then
Qx := ev
−1
x (E × R
×)
is an open neighbourhood of θ(x) in (E × R)M . We show that
Qx ∩ θ(M) (4)
is the graph of the Cr-function
fx : Zx → R× (E × R)
M\{x}
with first component gx ◦ φ
−1
x |Zx and y-component
(ψy, gy) ◦ φ
−1
x |Zx
for y ∈ M \ {x}. In fact, if y ∈ M such that θ(y) ∈ Qx, then gx(y) 6= 0,
whence y ∈ Yx and thus y = φ
−1
x (z) for some z ∈ Zx, entailing that
θ(y) = θ(φ−1x (z)) = (z, fx(z)).
Conversely, (z, fx(z)) = θ(φ
−1
x (z)) ∈ Qx ∩ θ(M) for each z ∈ Zx. Thus (4)
holds.
As graphs of Cr-maps are Cr-submanifolds and θ(M) locally looks like such
within (E ×R)M , we see that θ(M) is a Cr-submanifold in (E ×R)M . Since
θ is Cr as a map to (E ×R)M and θ(M) (being locally a graph) is modelled
on split (and hence closed) vector subspaces of (E×R)M , we deduce that θ is
Cr also as a map to the Cr-submanifold θ(M). Moreover, θ−1 : θ(M) → M
is Cr as it is given as the projection onto the first component on the above
graph around φ(x), composed with φ−1x . ✷
A Proof of Lemma 8.1
(a)⇒(b): If q is a Cr
K
-submersion, then Lemma 1.7 provides a Cr
K
-section
σ : P → G for q, defined on an open neighbourhood P of q(e) in G/H . Thus
q ◦ σ = idP . Define S := σ(P ). Then
SH = q−1(P )
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is an open subset of G. The map
ψ : P ×H → SH, (x, h)→ σ(x)h
is Cr
K
and a bijection. The inverse map is
SH → P ×H, z 7→ (q(z), σ(q(x))−1z)
and hence Cr
K
. Thus ψ is a Cr
K
-diffeomorphism. Since P × {e} is a Cr
K
-
submanifold of P ×H , we deduce that S = ψ(P × {e}) is a Cr
K
-submanifold
of the open subset SH of G and hence of G. It remains to note that the
product map
p : S ×H → SH
is a CrK-diffeomorphism because h : P ×H → S ×H , h(x, h) := (σ(x), h) =
(ψ(x, e), h) is a Cr
K
-diffeomorphism and p ◦ h = ψ is a Cr
K
-diffeomorphism.
(b)⇒(c) is trivial, as we can choose W := H .
(c)⇒(b): Let S ⊆ G be a Cr
K
-submanifold with e ∈ S and W ⊆ H be
an open identity neighbourhood such that SW is open in G and the product
map p : S × W → SW is a Cr
K
-diffeomorphism. Let V ⊆ G be an open
identity neighbourhood such thatW = H∩V and S1 ⊆ S b an open identity
neighbourhood such that (S1)
−1S1 ⊆ V and hence
H ∩ S−11 S1 ⊆W.
Then p(S1 × W ) = S1W is open in G, entailing that also the set S1H =
S1WH =
⋃
h∈H S1Wh is open in G. If s1, s2 ∈ S1 and h1, h2 ∈ H are
such that s1h1 = s2h2, then s
−1
2 s1 = h2h
−1
1 ∈ H ∩ S
−1
1 S1 ⊆ W and hence
p(s1, e) = s1 = s2(h2h
−1
1 ) = p(s2, h2h
−1
1 ) implies that s1 = s2 and h1 = h2.
As a consequence, the product map
p1 : S1 ×H → S1H
is a bijection. We have already seen that the image is open. Moreover, p1 is
Cr
K
and equivariant for the right Cr
K
-actions ofH on S1×H and G1H given by
(s, h).h1 := (s, hh1) and g.h := gh, respectively. The map p1 induces a C
r
K
-
diffeomorphism from the open set S1 ×W onto its open image. For h1 ∈ H ,
we have p1(s, h) = p1(s, hh
−1
1 )h1 for all (s, h) in the open set (S1×W )h1. As
the open sets (S1 ×W )h1 cover S1 × H for h1 ∈ H , we deduce that p1 is a
Cr
K
-diffeomorphism.
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(b)⇒(a): Let S ⊆ G be a Cr
K
-submanifold with e ∈ S such that SH is
open in G and the product map p : S × H → SH is a Cr
K
-diffeomorphism.
We endow G/H with the quotient topology which makes G/H a Hausdorff
space (as H is closed in G) and turns q : G → G/H into a continuous and
open, surjective map. Consider the map
m : G×G/H → G/H, (g, xH) 7→ (gx)H
and the group multiplication µ : G×G→ G. Since idG×q : G×G→ G×G/H
is a continuous and open surjection and hence a quotient map, we deduce
from the continuity ofm◦(idG×q) = q◦m thatm is continuous. In particular,
mg := m(g, .) : G/H → G/H
is a homeomorphism (with inverse mg−1), for each g ∈ G. Since SH is open
in G and q is an open map, we deduce that
U := q(SH) = q(S)
is open in G/H . The map q|S : S → U is bijective (since p is a bijection) and
open, because q|S(V ) = q(V ×H) is open in U for each open subset V ⊆ S.
For each g ∈ G, gU := mg(U) is open in G/H . We define
ψg := mg ◦ q|S : S → gU.
Because mg is a homeomorphism, gU is open in G/H . Moreover, ψg is a
homeomorphism as it is a composition of homeomorphisms. If g1, g2 ∈ G,
then g1U ∩ g2U is open in G/H and
ψ−1g1 (g1U ∩ g2U) = {x ∈ S : (∃y ∈ S) g1xH = g2yH}
= {x ∈ S : g−12 g1x ∈ SH} = S ∩ g
−1
1 g2SH.
Moreover, ψ−1g2 ◦ ψg1 is the C
r
K
-map
S ∩ g−11 g2SH → S ∩ g
−1
2 g1SH, x 7→ g
−1
2 g1x.
Therefore the maps φ ◦ ψ−1g |ψg(Uφ), with φ : Uφ → Vφ ranging through the
charts of S is a Cr
K
-atlas for G/H and is contained in a maximal Cr
K
-atlas
which makes G/H a Cr
K
-manifold and turns each of the maps ψg into a
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Cr
K
-diffeomorphism. Now θ : gU × H → gSH , θ(x, h) := gψ−1g (x)h is a C
r
K
-
diffeomorphism for g ∈ G such that gSH is an open neighbourhood of g in G
and
(q ◦ θ)(x, h) = q(λg(ψ
−1
g (x))h) = q(λgψ
−1
g (x)) = q(q|
−1
gS (x)) = x
using that ψg = mg ◦ q = q ◦ λg, hence ψg ◦ λg−1 = q and hence λg ◦ ψ
−1
g =
(q|gS)
−1. Thus q is a Cr
K
-submersion, by Lemma 1.2.
To prove the remaining assertions, let m be as before and µ : G×G→ G be
the group multiplication. Then idG×q : G×G→ G×G/H is a surjective C
r
K
-
submersion and m◦(idG×q) = µ is a C
r
K
-map. The action m is therefore Cr
K
,
by Lemma 1.8. Since q(H) = {q(e)}, we have h := TeH ⊆ ker Teq. Because
p in (b) is a diffeomorphism and q|S : S → q(S) a diffeomorphism, for each
v ∈ TeG = TeS ⊕ h which is not in h, we have v = s + h with 0 6= s ∈ TeS
and h ∈ h. As T(e,e)p is the addition map TeS × h → TeG, we deduce that
Teq(v) = Teq(Tep(., e)(s) + h) = Te(q ◦ p(., e))(s) 6= 0 as q ◦ p(., e) = ψe is a
diffeomorphism.
If, finally, N is a normal subgroup, write µ¯ for the group multiplication
of G/H . Since q × q is a Cr
K
-submersion and µ¯ ◦ (q × q) = q ◦ µ is Cr
K
, we
deduce with Lemma 1.8 that µ¯ is Cr
K
. Likewise, η¯ = q ◦ η holds for the group
inversion maps, and thus θ¯ is Cr
K
. ✷
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